The ability of simple potential functions to reproduce accurately the density of liquid water from Ϫ37 to 100°C at 1 to 10 000 atm has been further explored. The result is the five-site TIP5P model, which yields significantly improved results; the average error in the density over the 100°t emperature range from Ϫ37.5 to 62.5°C at 1 atm is only 0.006 g cm
I. INTRODUCTION
Prior to 1983, Monte Carlo ͑MC͒ and molecular dynamics ͑MD͒ calculations for liquid water generally used the BNS, MCY, and ST2 potential functions. 1 In 1983 the TIP3P and TIP4P models 2, 3 were introduced and, along with the SPC 4 and SPC/E models, 5 are the most commonly used water models today. These models, along with the ST2 model, 6 were developed in conjunction with liquid-state calculations, generally at 25°C. The models have been used successfully to study a wide variety of properties of liquid water, often at conditions far from their original parameterization. 7 Among the most well known of the peculiar properties of liquid water is the behavior of its density as a function of temperature and pressure, (T, P). Liquid water at standard pressure exhibits a temperature of maximum density ͑TMD͒ at 4.0°C and its density is nearly constant between Ϫ15 and ϩ25°C. [8] [9] [10] Notably, none of the commonly used water models is successful at reproducing (T) well in the temperature region of interest. [11] [12] [13] Several models have been reported to yield a density maximum, 6, [12] [13] [14] [15] [16] [17] although questions about the convergence of some of the earlier calculations have been raised. 13, 18 In particular the ST2 model has been reported to have a density maximum near 27 6 or 40°C 12͑a͒ and SPC/E has a TMD near Ϫ38°C. 14 The polarizable PPC has been reported to have a density maximum near the correct value in moderate length molecular dynamics calculations at zero pressure ͑vida infra͒. 16 TIP4P water has been found to have a density maximum near Ϫ13 12͑b͒,͑c͒ or Ϫ23°C 15 by demonstrating that it possesses a minimum in its pressure as a function of temperature along an isochore. More recently, long MC calculations with the TIP4P model in the isothermal-isobaric ͑NPT͒ ensemble located the TMD near Ϫ15°C and, in addition, a region of nearly constant density is found between Ϫ35 and 0°C. 13 Thus, although the qualitative feature of a density maximum exists for several of the simple water models, quantitative agreement is lacking, and the shape of (T) has also not been well reproduced.
Numerous attempts have been made to improve potential functions for liquid water. The addition of bond flexibility, [19] [20] [21] [22] [23] [24] variable electronic degrees of freedom, 16, 17, 23, 24 and more complex functional forms 17, 19, 24 are examples. Given that most flexible models do not properly describe the dependence of the change in dipole moment on molecular geometry, 19, 20, [25] [26] [27] and suggestions that geometric flexibility should be included only in polarizable models, 21, 23 we have continued to explore rigid models. While much work is currently being done to include electronic polarization, the computational expense of adding multibody terms, in particular given the long calculations required to obtain convergence of computed properties at low temperatures, coupled with unresolved questions about the optimal method of including polarization and the effects of incomplete iteration, 16, [28] [29] [30] [31] [32] led us to focus efforts on further optimization of fixed-charge models. Additional refinement of three-and four-site models was not fruitful, so five-site models were pursued, while still retaining the computationally efficient Coulomb plus Lennard-Jones form. Departure from the latter would be problematic for use in conjunction with standard force fields for organic and biomolecular systems. The ST2 model is the most successful prior five-site model 6 ; however, it uses a cubic scaling function to dampen the short-range electrostatic interactions and yields an overly structured liquid with a density error of 8% at 25°C and 1 atm and an overly high TMD, as noted above. Nevertheless, before resorting to more complex charge distributions, we decided to attempt the optimization of a five-site model that would simultaneously eliminate the scaling function, yield improved density results including a correct TMD, and not sacrifice performance for other structural or thermodynamic properties in comparison to the TIP4P model. In the process, factors that control the position of the TMD would emerge, though at considerable computational expense owing to the need to obtain the density profile with alternative parameter sets.
The next section presents the potential function, followed in Sec. III by computational details. In Secs. IV and V the temperature dependence of several thermodynamic and dielectric properties, the liquid's structure, and energy distributions are presented for the TIP5P model. Section VI covers the results of the MC simulations at elevated pressures, properties of the water dimer are noted in Sec. VII, and Sec. VIII describes observations and decisions that were made in the course of optimizing the model and the behavior of related models as a function of temperature. Sections IX and X contain further discussion and the conclusion.
II. FORM OF THE TIP5P POTENTIAL FUNCTION
Details on the optimization procedure and analysis of some aspects of intermediate models may be found in Sec. VIII. The geometry of the TIP5P model is depicted in Fig. 1 , and its parameters are presented in Table I , along with those for the TIP3P and TIP4P models. For all TIPnP models, the OH bond length, r OH , and HOH bond angle, HOH , have been set to the experimental gas-phase values, i.e., 0.9572 Å and 104.52°. For TIP5P, the negatively charged interaction sites are located symmetrically along the lone-pair directions with an intervening angle, LOL , of 109.47°. A charge of ϩ0.241 e is placed on each hydrogen site, and charges of equal magnitude and opposite sign are placed on the lonepair interaction sites. The dipole moments are 2.35, 2.18, and 2.29 D for TIP3P, TIP4P, and TIP5P, respectively. There is no charge on oxygen for TIP5P; however, the only LennardJones potential operates between oxygens with a 0 of 3.12 Å and an 0 of 0.16 kcal/mol. The potential energy between two water molecules, a and b, is then given by Eq. ͑1͒, where i and j are the charged sites on a and b, respectively, and r OO is the oxygen-oxygen distance,
III. COMPUTATIONAL DETAILS
Monte Carlo statistical mechanical calculations were performed on the TIP5P model in the isothermal-isobaric ensemble at a pressure of 1 atm at temperatures every 12.5°C between Ϫ37.5 and 75.0°C. In addition, calculations at a range of elevated pressures up to 10 000 atm were performed. As pointed out previously, 13 NPT MC calculations are a good choice for computing liquid densities because there is no uncertainty in the implementation of the ensemble, and because the temperature and pressure controls are exact. Periodic boundary conditions were used with a cubic sample of 512 water molecules with 9 Å spherical cutoffs based on the OO separation, r OO . The starting coordinates for each calculation came from a box equilibrated at either 25°C and 1 atm or at closer conditions. Volume changes were attempted approximately every 2000 configurations, and their magnitude as well as the ranges for molecular translations and rotations were adjusted to yield acceptance rates of approximately 40% for new configurations. Table II͑a͒ lists the lengths of the equilibration and averaging periods for the MC simulations at standard pressure, and Table II͑b͒ does the same for the calculations at elevated pressures. The radial distribution functions, potential energy, and volume are converged to within ϳ1% in runs of a few million MC configurations at 25°C and 1 atm. 13, 33, 34 The present calculations were far longer owing to much slower convergence at low temperatures and the need for particularly precise results to locate the temperature of maximum density in the relatively flat region near where d/dTϭ0.
The density is calculated from the average volume with Eq. ͑2͒, where is the ϭM /͑0.6022*V/N ͒ ͑2͒ density in g cm Ϫ3 , M is the molecular weight, N is the number of molecules in the periodic box, V is the calculated volume in Å 3 , and 0.6022 is the unit conversion factor. The heat of vaporization is well approximated from the calculated energy via Eq. ͑3͒, 3 where R 
is the gas constant and T is the absolute temperature. The heat capacity, isothermal compressibility, and coefficient of thermal expansion were calculated from standard fluctuation formulas, and also by numerical differentiation.
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Calculations were also performed for the dielectric constant at 1 atm every 25.0°C between 0.0 and 100.0°C. The calculations involved applying a nonsaturating electric field across the simulation box and measuring the average system dipole moment along the direction of the applied field. Details are similar to calculations performed previously, 35 and involved 216 molecules subjected to NVT MC calculations with the density set to the experimental value at that temperature, truncation of intermolecular interactions at r OO ϭ8 Å, and the use of a reaction field to treat the longrange interactions. The dielectric constant is calculated from Eq. ͑4͒, where E 0 is the applied 36 the dielectric constant calculations required modifications, which were tested by successfully reproducing dielectric constants of TIP4P and SPC water. 35 In our current implementation, which is not fully optimized for TIP5P, the MC simulations with an 8.5 Å spherical cutoff require ϳ55% more computer time with the TIP5P model than with the TIP3P or TIP4P models. Error estimates in the calculated quantities were obtained by the batch-means procedure. 37, 38 The batch size was 10 million configurations in all cases; tests with larger batch sizes confirmed the convergence of the error estimates.
IV. TEMPERATURE DEPENDENCE OF THERMODYNAMIC AND DIELECTRIC PROPERTIES
The results for thermodynamic properties of the TIP5P model at 25°C and 1 atm are presented in Table III along with the experimental data [8] [9] [10] and the results for the TIP3P and TIP4P models, as previously reported. 13 The density and heat of vaporization for TIP5P water are within a fraction of a percent of the experimental values. The runs are sufficiently long that some fluctuation properties are moderately well converged. Nevertheless, it is still found that better estimates are obtained by numerical differentiation, which was performed here for the isobaric heat capacity, C p , and the coefficient of thermal expansion, ␣. 13 The C p for TIP5P water is somewhat larger than both the experimental value and the results for TIP3P and TIP4P, while the isothermal compressibility shows improved accord with experiment, and ␣ is too high for all the models. The results for the density as a function of temperature for the TIP5P model are presented in Fig. 2 along with the experimental data 39 and the prior results for the TIP3P and TIP4P models. 13 The density maximum for TIP5P water is correctly located at the experimental value of 4°C within the statistical noise of the calculations. The results at the high temperatures are well converged and show that the density decreases too rapidly as the temperature increases. This yields the overestimates of ␣ at 25°C and a displacement of the critical temperature to too low values. This is a general feature of the three-to five-site models; however, the existence of a TMD and the density profile in its vicinity are strikingly improved by increasing the number of interaction sites. The results at the temperatures below 0°C also indicate a somewhat too steep decline in the density of TIP5P water with decreasing temperature. Thus, the computed density maximum is sharper than in real water, as also found for the ST2 model. 6, 12 However, the average error in the density over the 100°temperature range from Ϫ37.5 to 62.5°C of only 0.006 g cm Ϫ3 with the TIP5P model represents a substantial improvement over all other water models. 13 Table IV presents the thermodynamic properties for TIP5P as a function of temperature. The experimental energy is well reproduced over the range Ϫ25 to 62.5°C, being somewhat too large in magnitude at low temperatures and too low in magnitude at high temperatures. The computed heats of vaporization decrease from 11.8 kcal/mol at Ϫ25°C to 9.7 kcal/mol at 62.5°C, while the experimental values decline from 11.0 to 10.1 kcal/mol over this range. 10, 13 The results for C p and ␣ were computed from the centered difference formula for estimating derivatives, except at the lowest and highest temperature reported where they were computed from the right and left difference formulas, respectively. Results from the fluctuation formulas were less well converged and are not presented. The computed C p values increase significantly as the temperature drops into the supercooled regime, in accord with experiment, 9 though the magnitudes are too high, and the anomalous constancy of the experimental C p at 18 cal/mol-deg from 0 to 100°C is not reproduced. Consistent with the (T) curve in Fig. 2 , ␣ decreases, passes through zero at the TMD, and becomes significantly negative as the temperature is decreased, also in accord with experiment. 39 The results for show trends similar to those reported for TIP3P and TIP4P water, 13 but are not well converged since they were computed from the fluctuation formula. The trend toward increasing with increasing temperature is reproduced, though the observed minimum for at 46°C (44.8ϫ10 Ϫ6 atm Ϫ1 ) 8 is not apparent in the computed results.
Results for the dielectric constant of TIP5P water over the temperature range from 0 to 100°C at 1 atm pressure are presented in Table V and Fig. 3 , accompanied by the experimental results. 40 The computed dielectric constant of 81.5 Ϯ1.6 at 25°C agrees well with the experimental value of 78.3, and shows improvement over results of ϳ50-70 for the SPC, TIP3P, and TIP4P models. 13 The computed results in Fig. 3 nicely parallel the experimental data, so the slope d/dT is correct near Ϫ0.32 deg
Ϫ1
. It has been suggested that a better description of the quadrupole moment is an important factor for improved reproduction of the dielectric constant.
41͑a͒-͑c͒ Table VI presents magnitude and a larger dipole moment than TIP4P, but it is superior in reproducing the dielectric constant. The dielectric properties are undoubtedly affected by both the charge distribution and Lennard-Jones parameters.
V. TEMPERATURE DEPENDENCE OF WATER STRUCTURE AND ENERGY DISTRIBUTIONS
Figures 4-6 present the oxygen-oxygen, oxygenhydrogen, and hydrogen-hydrogen radial distribution functions at 25°C and 1 atm along with the experimental data. 42 Overall, the results for the TIP4P and TIP5P models are similar and show improved structure over three-site alternatives. 13 The location of the maximum for the first peak of the O-O radial distribution function ͑rdf͒ is shifted inward ϳ0.03 Å from the TIP4P result to 2.73Ϯ0.01 Å with TIP5P, the shape of the second peak is improved, and the first peak of the H-H rdf is somewhat too high. The latter feature was noted previously with the five-site ST2 and ST4 models 41͑c͒ ; it is likely due to overly stiff angle bending in the potential energy surface for the dimer, as presented in Sec. VII. The temperature dependence of the radial distribution functions is illustrated in Figs. 7-9. The expected reduction in structure with increasing temperature is observed. The separation of nearest and second-nearest neighbors becomes much sharper in the OO rdf at Ϫ25°C, which is consistent with adoption of a more ice-I-like structure. This is discussed further below along with the effects of pressure on the liquid's structure. The distributions of total intermolecular interaction energies for monomers in the liquid and the distributions of individual water-water interaction energies ͑the energy pair distributions͒ are presented in Figs. 10 and 11 as a function of temperature. These distributions exhibit an increased population of lower-energy configurations and narrower widths as the temperature decreases. The energy pair distributions indicate that as the temperature is decreased there is again a cleaner separation between hydrogen-bonded nearest neighbors and the more distant molecules. The minimum near Ϫ2.3 kcal/mol becomes more distinct; integration to this point yields estimates for the average number of hydrogen bonds per water molecule of 3.9, 3.8, 3.7, and 3.6 at Ϫ25, 0, 25, and 50°C. Thus, although the hydrogen bonding remains basically tetrahedral, a wider range of geometries and energies are explored with increasing temperature. The present results are very similar to those for TIP4P water, which have been discussed at length. 
VI. PRESSURE DEPENDENCE OF THERMODYNAMIC AND STRUCTURAL PROPERTIES
There has been much investigation of the behavior of water as a function of pressure, 9͑a͒,9͑b͒,39,43-50 and on the similarities and differences in the dependencies on pressure and temperature. 43 The properties of TIP5P water were examined at a range of higher pressures by performing the calculations detailed in Table II͑b͒ . A pressure scan was carried out at 25°C, and temperature scans were performed at 1000 and 2000 atm. It was found that at a fixed temperature, increasing the pressure did not lead to the convergence difficulties that were caused by decreasing the temperature at a fixed pressure. This allowed the high-pressure calculations at 25°C to be comparatively short. In Tables VII͑a͒ and VII͑b͒, the thermodynamic properties for the TIP5P model at a variety of high-pressure state points are presented. The energy decreases slightly as the pressure is increased, in agreement with results for TIP4P water 49 and experimental data. 44 The computed variation of the density at 25°C from 1 to 10 000 atm ͑ϳ0.1013 to 1013 MPa͒ is compared with the experimental data in Fig. 12 . The results for TIP5P water below 1000 atm agree well with experiment and confirm that the model's isothermal compressibility at 25°C and 1 atm is reasonable ͑Table III͒. At higher pressures, TIP5P is somewhat more compressible than real water, with the error increasing to ϳ3% at 9000 atm. If there is an implication for the repulsive part of the Lennard-Jones 12-6 potential from these results, it would be that it is a little too soft at short range. However, the electrostatics also undoubtedly influence (d/dP) T .
The energy distributions at the elevated pressures are not presented. Shifts were obtained in agreement with results previously reported. 47, 49 The shifts are much less than those from the temperature changes in Figs. 10 and 11 . The effect of pressure on the OO rdf at 25°C is illustrated in Fig. 13 . If the normalization of the rdf by division by the average density is removed, then the scaled plots in Fig. 14 are obtained. The latter figure shows that, in fact, there is not density loss in the vicinity of the second peak near 4.5 Å, but rather that the overall density increase at higher pressures particularly features enhanced density of water molecules at OO separations near 3.3 and 6 Å. Though the second neighbors are at 4.5 Å in ice I, it is well known that ices II, III, and V, which have densities near 1.2 g/cm 3 , have non-hydrogen-bonded neighbors at OO separations of 3.2-3.5 Å. 50 Similar penetration of hydrogen-bonded networks in the liquid at such densities is reasonable. The results for the energy and density from the temperature scans at 1000 and 2000 atm are presented in Table  VII͑b͒ . In addition, the density versus temperature curves for TIP5P water at 1, 1000, and 2000 atm are plotted in Fig. 15 along with the experimental data. 39, 44 The computations correctly reflect that the temperature of maximum density shifts to lower temperature as the pressure is increased. At higher pressures, the maximum in the experimental profile is lost, although this phenomenon is coupled with the unusual behavior of water at very low temperatures.
9b Further exploration of TIP5P water in the supercooled region at elevated pressures is desirable, 12 although very long runs will be required to achieve well-converged results.
VII. PROPERTIES OF THE TIP5P WATER DIMER
It has been noted that the common failure of potential functions in reproducing the TMD may be related to inadequacies in their description of the energy of the dimer as a function of the tilt angle in Fig. 16 . 13, 51 The water dimer system has been studied extensively and the global minimum for the water dimer has been established to occur with a roughly linear hydrogen bond and with near 57°. [52] [53] [54] [55] [56] [57] [58] Results of geometry optimizations for the linear water dimer using the TIPnP models are summarized in Table VIII . Effective pair potentials for liquid water feature optimal OO separations for the water dimer that are too short by about 0.3 Å and dimerization energies that are too high by about 1 kcal/mol. [1] [2] [3] [4] [5] [6] These differences compensate for the primitive description of the electrostatics. Such models are not intended for use for gaseous water or the liquid at low densities. Improvement to have a model that works well at both high and low densities requires a more sophisticated charge distribution and/or explicit polarization.
The results of energy scans versus for the linear dimer using rigid monomers are presented in Fig. 16 . The forcefield calculations were performed with the BOSS program 36 and the quantum mechanical calculations were carried out with GAUSSIAN 95. 59 The latter calculations involved a geometry optimization for the six intermolecular variables at the MP2/6-311ϩG(d,p) level, followed by an energy scan for at the same level with the OO distance fixed at the optimal value. Analogous calculations were performed with the TIPnP models. The ab initio calculations yielded a minimum for the dimer with r OO ϭ2.92 Å, ϭ42°and a dimerization energy, ⌬E, of Ϫ5.96 kcal/mol. The energy curve is significantly narrower with the TIP3P model, which also has the minimum shifted to ϭ27°. The profile is better reproduced with TIP4P, which has its minimum near ϭ46°. Both the ab initio results and the TIP4P model have a broad region for between Ϯ60°in which the energy remains less than 1 kcal/ mol above the minimum. Using the TIP5P model the energy profile is overly structured, with a deeper well in the more favorable tetrahedral position near Ϸϩ50°and a less deep well near the other tetrahedral position at ϷϪ40°. The favoring of tetrahedral orientations for five-site water models has been noticed previously 51 and is related to the placement of the partial negative charges in the lone-pair positions. Clearly, as the lone-pair sites are contracted toward the oxygen, the TIP5P curve would collapse toward the TIP3P one. Figure 16 demonstrates that the dimer surface as a function of is closer to the ab initio results with the TIP4P model than with TIP5P; however, it is also clear that TIP5P is overall the better model for liquid water and certainly yields the better density profile ͑Fig. 2͒. This is not inconsistent, if polarization in the condensed phase leads on average to an effective two-body potential that more sharply favors the tetrahedral disposition of hydrogen bonds.
VIII. REPRODUCING THE DENSITY MAXIMUM AND SIZE DEPENDENCE OF THE RESULTS
As stated above, the goal was to develop the simplest potential function, which reproduces well the density anomaly of liquid water, while simultaneously yielding good thermodynamic and structural properties near 25°C and 1 atm. Additional studies of three-and four-site models, including the introduction of internal flexibility and replacement of the 12-6 Lennard-Jones form, did not yield improvement for the density profiles over TIP4P. Five-site models were then explored with and near the TIP3P and TIP4P values and with the L1-O-L2 angle constrained to be 109.47°. A primary focus became establishing the influence of the distance between the oxygen and the negatively charged sites, r OL , on the density profiles. Once this was optimized, adjustments could be made to fine-tune the charge and Lennard-Jones parameters.
Series of calculations were performed over a range of temperatures for four alternative models using a more computationally tractable box size of 216 molecules. The parameters for the models are listed in Table IX . TIP5P͑0.60͒ has r OL ϭ0.60 Å and was developed 27 by varying the r OL distance and charges to get a dipole moment of approximately 2.2 D for the monomer, a dimerization energy of between Ϫ6.0 and Ϫ6.5 kcal/mol, and correct values for the energy and density of the liquid at 25°C and 1 atm. Note that the model ultimately developed has a dimerization energy outside this range. For TIP5P͑0.4875͒, the negative charges were moved toward the oxygen by 0.1125 Å and the charge was modified to reproduce the energy and density. Based on the shift in the (T) curves for these two models, TIP5P͑0.65͒ was developed by increasing the distance between the lone-pair interaction site and the oxygen atom and by modifying the Lennard-Jones parameter and the charge, again to reproduce the liquid's energy and density at 25°C. Further refinement yielded TIP5P͑0.70͒, which is TIP5P, through increasing the r OL distance to 0.70 Å and modifying the other parameters. Scans for the dimerization energy as a function of were performed and showed the expected strengthening of the double well form in Fig. 16 with increasing r OL .
Monte Carlo simulations for the liquid with each of these models were executed to establish the effect of varying the r OL distance on the calculated properties. The lengths of the equilibration and averaging stages for these calculations are listed in Table X . The calculations were similar to those already described except that the box size was 216 molecules and the intermolecular nonbonded cutoff distance was 8.0 Å. The results for the density and energy are recorded in Tables  XI and Table XII . The small dependence of the energy and density on the number of molecules for fixed-charge models has been noted before. 3, 60 The same is found for TIP5P͑0.70͒ water; runs with 216 ͑Tables XI and XII͒, 267, and 512 ͑Table IV͒ molecules and cutoffs of 8.0, 8.5, and 9.0 Å, respectively, show an increase of 1% for both the energy and the density at 25°C and 1 atm. Calculations have also been performed for 267 molecules with a cutoff of 8.5 Å and use of a reaction field for long-range interactions 35͑b͒ ; the same trend is found with ϳ1% increases in the energy and density. What has not been noted before is the dependence of the temperature of maximum density on the system size. The results in Tables IV and XI indicate that upon decreasing the number of molecules, the density maximum of TIP5P͑0.70͒ is increased by 5-10°C. Results not presented indicate that a similar shift exists for TIP5P͑0.65͒, which has a temperature of maximum density close to the experimental value for a box of 216 molecules, but whose maximum decreases ϳ10°C upon increasing the number of molecules to 512.
It was found that for a given r OL distance, the energy and density at 25°C could be reproduced by simultaneously varying the partial charges and the Lennard-Jones . Results not presented indicate that the shapes of the curves, i.e., the temperature at which the maximum occurs and the difference between, e.g., the density at the maximum and the density at 25°C, are similar for models with identical r OL distances and minor changes in the other parameters. Thus, in Fig. 17 , the density is plotted as a function of temperature for four models with varying r OL . Note that the curves in Fig. 17 have each been offset along the ordinate in order to have each a common density at 25°C. The effect of varying r OL is then seen more clearly. All four models yield a density maximum, although its position and the density at the TMD vary widely. The tetrahedral charge distribution captures an important aspect of the intermolecular energetics required to model well the density variations as a function of temperature. While the qualitative feature of a density maximum is clearly obtained for models with r OL greater than ϳ0.5 Å, the exact positioning of the lone-pair sites is important for its quantitative reproduction. With an r OL of 0.6 Å, the density maximum occurs between Ϫ15 and Ϫ25°C, while moving the lone-pair sites toward the oxygen by only 0.1125 Å to an r OL of 0.4875 Å significantly degrades the density profile. Diminution of r OL to zero, while modifying the charge to reproduce the energy and density and while keeping the Lennard-Jones parameters approximately fixed, produces the TIP3P model. Its (T) curve in Fig. 2 monotonically increases as the temperature is decreased.
Thus, the anisotropy introduced in the potential function with the lone-pair sites is rapidly lost for r OL below 0.6 Å. On the other hand, increasing r OL much beyond this point pushes the TMD to too high a temperature. The pattern continues with the ST2 model 6, 12 ; though the scaling of the electrostatics at short range complicates the analysis, it has the lone-pair sites at a still greater distance (r OL ϭ0.8 Å) and its TMD occurs at significantly higher temperature, 30-40°C, than for the five-site models examined here. Besides moving the TMD to higher temperature, increasing r OL is also found to move the density at the TMD to lower values, given that the value of the density at some state point, e.g., 25°C, is fixed. It appears that the charge distribution is the primary determinant of the shape of the (T) curve. Further improvement in the computed results, e.g., at high temperature and pressure, would likely necessitate the use of a larger number of charged sites or explicit polarization as well as much effort at optimization of the model.
IX. FURTHER DISCUSSION
The TIP5P model appears to yield improved results for (T) and the TMD by forcing tetrahedral arrangements for hydrogen-bonded pairs to be more attractive than with real water. Though the computed radial distribution functions are in generally good accord with experiment, the enforced tetrahedrality is undoubtedly responsible for the first peak in the HH rdf being too high ͑Fig. 6͒. The overly tetrahedral description of the hydrogen bonding promotes the existence of a TMD at low temperature; however, the description of the interactions between less well-bound neighbors, which are more important at higher temperatures and pressures, may be adversely affected. Such less accurate treatment of non-hydrogen-bonded neighbors for all of the common fixed-charge models may be responsible for the density always rising too rapidly with increasing pressure or with decreasing temperature above the TMD. Another general problem is that the first peak in the OO rdf is always at too short a distance with the simple fixed-charge models. This discrep- ancy can probably not be rectified without replacing the Lennard-Jones potential, introducing a scaling function, or adding explicit polarization or quantum effects. Though structural changes were discussed above based on the radial distribution functions, some additional insights are notable from the isochoric temperature differentials for the oxygen-oxygen radial distribution function, as presented in Fig. 18 . These have been measured 61 and effort has been directed at their interpretation. 62, 63 Since NPT MC calculations were performed here, the pressures rather than the densities were fixed. Nevertheless, the densities at 12.5 and 0.0°C were computed to be approximately identical at 1 atm. The same is true for the densities at 25 and Ϫ12.5°C and also at 50 and Ϫ25°C. Therefore, these pairs of temperatures were chosen to examine the rdf differences. It is seen that for the TIP5P model the magnitudes of the peaks and valleys, but not their positions, depend on the temperature difference, with isobestic points occurring at ϳ2.9, 3.9, 5.0, and 6.3 Å. These locations agree well with the experimental values. There is reduced density in the first and second peaks of the OO rdf and filling-in on both sides of the second peak upon raising the temperature at constant density. It may also be noted that the magnitudes of the oscillations in the isochoric temperature differentials for TIP5P and real water are roughly linear in the temperature difference. These facts, and the correspondence of the extrema in Fig. 18 with oxygenoxygen distances that are featured in ices I and II ͑or III͒, suggest two-state mixture models for the liquid. 62, 63 In addition, nonisochoric pressure differentials can be computed from the results in Fig. 13 63 Supercooled water has received much attention, often centering around the possible existence of a line of liquidliquid phase transitions terminating at a second critical point.
9͑c͒, 12, 49, [64] [65] [66] [67] [68] The improved performance at low temperatures with the TIP5P model should aid such studies. However, it should be kept in mind that the TIP5P model has been optimized for use with 512 molecules, a spherical cutoff of 9.0 Å, and cubic periodic boundary conditions. If further calculations employ a different system size, the density maximum will be shifted somewhat, as noted above. In addition, while models such as TIP4P have often been used to calculate properties at state points far from their original realm of parameterization, caution is needed under such circumstances. The hydrogen bonding near optimal geometries seems to be reasonably well described, but less favorable interactions between near neighbors are more problematic with models in this class.
Related to the question of calculations on liquid water at low temperatures is the issue of the lengths of the averaging and equilibration periods needed to obtain converged results. 13, 14 The requisite lengths for both periods increase significantly with decreasing temperature, while the dependence on increasing pressure was less severe. Thus, the calculations below 0°C at 1 atm needed to be more than five times longer that the ones above 25°C to achieve comparable convergence of the energy and density. Calculations of the present length and breadth would currently be very difficult to perform with a polarizable model. For example, the polarizable PPC model has been reported to have a density maximum near the experimental value based on molecular dynamics calculations, which consisted of 100 ps of equilibration and 300-500 ps of averaging. 16 A comparison between Monte Carlo and molecular dynamics for liquid hexane yielded an approximate equivalence between 10 ps of MD and 2000 MC passes. For a system with 500 molecules, this corresponds to a rough equivalence between 10 7 MC steps and 100 ps of MD. 69 Assuming a similar situation for water, the calculations for the PPC model correspond to ϳ10 7 MC steps for equilibration and 3 -5ϫ10 7 MC steps for averaging. For the present calculations below 0°C and starting with a box equilibrated at a nearby temperature, the Table XI for the exact numerical densities. In order to emphasize the effect that varying the oxygen to lone-pair interaction site distance has on the shape of the density profile, the results here have each curve offset along the ordinate to make the density at 25°C equal to 1.0 g/cm 3 . FIG. 18 . Isochoric temperature differentials of the oxygen-oxygen radial distribution function for TIP5P water. Results are presented for three temperature differences at 1 atm. equilibration stage took more that 10 8 configurations, and the averaging phase took substantially longer. At the low temperatures, there were occasional fluctuations along the Markov chain of ϳ1% in the energy and density that lasted ϳ10 8 steps. It was only after averaging ϳ10 9 MC steps that it was possible to regard such segments as fluctuations. Since polarizable models require longer periods for equilibration and averaging than fixed-charge models, 32, 70 it is unlikely that MD runs less than nanoseconds in length are sufficient to provide adequate enough precision for the densities at low temperature to establish decisively the density profile and TMD. This estimate is consistent with the analyses and run lengths of Baez and Clancy.
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X. CONCLUSION
Classical Monte Carlo statistical mechanical simulations have been used to optimize a five-site, fixed-charge model of liquid water with emphasis on improving the computed density as a function of temperature and the position of the temperature of maximum density ͑TMD͒. Calculations in the NPT ensemble at 1 atm, in which the distance between the lone-pair sites and the oxygen, r OL , varied between 0.4875 and 0.70 Å, demonstrated that a TMD can be achieved in this region of parameter space. In addition, as r OL is increased, the TMD moves to higher temperature and the density at the maximum decreases toward the experimental value, if the models are parametrized to have the correct density at 25°C. The final TIP5P model with an r OL of 0.70 Å closely matches the experimental density and energy of liquid water at 25°C and 1 atm. Furthermore, the density and energy as a function of temperature are reproduced with an average error of less than 1% from Ϫ37.5 to 62.5°C, the position of the TMD is correct, the dielectric constant at 25°C is near 80 and shows the correct temperature dependence, the average error in the density as a function of pressure up to 9000 atm at 25°C is less than 2%, the TMD shifts correctly to lower temperature with increasing pressure, and the radial distribution functions and their isochoric temperature differentials agree well with experiment. The principal problems are that the heat capacity is too high and the density increases too rapidly with increasing pressure or decreasing temperature above the TMD. The results for the water dimer overly favor tetrahedral geometries and show the usual underestimate of the OO distance for nonpolarizable water models. The latter differences are a consequence of accounting for multibody cooperative effects with a two-body effective potential.
Overall, the TIP5P model shows significant improvement in many areas over prior fixed-charge models for liquid water. It provides notably accurate results for the density from Ϫ37.5 to 62.5°C at 1 atm. Functional compatability has been maintained with widely used force fields, and along with the excellent results for many properties, including the dielectric constant, the TIP5P model provides a basis for more accurate simulations of biomolecular systems. Additional studies of dynamical properties and aqueous solutions are being undertaken.
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